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Propositional Logic

Introduction

Logic is the basis of all mathematical reasoning. It has practical applications in
areas of computer science as well as to many other fields of study. In mathematics,
we must understand what makes up a correct mathematical argument, that is, a
proof. Once we prove that a mathematical statement is true, we call it a theo-
rem. A collection of theorems on a topic organize what we know about this topic.
To learn a mathematical topic, a person needs to actively construct mathematical
arguments on this topic. Moreover, knowing the proof of a theorem often makes
it possible to modify the result to fit new situations. Everyone knows that proofs
are important throughout mathematics. The rules of logic give precise meaning to
mathematical statements. These rules are used to distinguish between valid and
invalid mathematical arguments. In this chapter, we will explain what makes up a
correct mathematical argument and introduce tools to construct these arguments.
These basic tools will help us to develop different proof methods that will enable us
to prove many different types of results in the later chapters.

1.1 Basic Concepts in Logic

Our discussion begins with an introduction to the basic building blocks of logic viz.,
propositions.

Definition 1.1. A proposition is a declarative sentence (that is, a sentence that
declares a fact) that is either true or false, but not both.

All the following declarative sentences are propositions.
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1. New Delhi, is the capital of India.
2.24+1=3.
3.24+1=2.
Here propositions 1 and 2 are true, whereas 3 is false.
Some sentences that are not propositions are:
1. How are you?
2. Read this carefully.
3. x+1=2
4. rx4+y==z.
Sentences 1 and 2 are not propositions because they are not declarative sentences.
Sentences 3 and 4 are not propositions because they are neither true nor false. Note
that each of the sentences 3 and 4 can be turned into a proposition if we assign
values to the variables.

We use letters to denote propositional variables (or statement variables),
that is, variables that represent propositions, just as letters are used to denote
numerical variables. The conventional letters used for propositional variables are

p,q,7,8,.... The truth value of a proposition is_true, denoted by T, if it is a true
proposition, and the truth value of a proposition is false, denoted by F, if it is a

false proposition.

Definition 1.2. The area of logic that deals with propositions is called the propo-
sitzonal calculus or propositional logic.

Propositional calculus was first developed systematically by the greek philosopher
Aristotle more than 2300 years ago.

Definition 1.3. Compound propositions are new propositions formed from ex-

1sting propositions using logical operators.

Definition 1.4. Let p be a proposition. The negation of p, denoted by —p, is the
statement “It is not the case that p.” The proposition —p is read “not p.” The truth
value of the negation of p,—p, is the opposite of the truth value of p.

The negation operator constructs a new proposition from a single existing propo-
sition. We will now introduce the logical operators that are used to form new
propositions from two or more existing propositions. These logical operators are
also called connectives.
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p|—p
T| F
F| T

Table 1.1: Negation

Definition 1.5. Let p and q be propositions. The conjunction of p and q, denoted

by p A\ q| is the proposition “p and q.” The conjunction p A\ q s true when both p and

q are true and s false otherwise.

P q|pPAg P q|pVg
T T T T T T
T F| F AND T F| T
F T F F T T
F F F F F F
Table 1.2: Conjunction Table 1.3: Disjunction

Table 1.2 displays the truth table of p A q. This table has a row for each of the
four possible combinations of truth values of p and ¢. The four rows correspond to
the pairs of truth values TT, TF, FT, and FF, where the first truth value in the
pair is the truth value of p and the second truth value is the truth value of q. Note
that in logic the word “but” sometimes is used instead of “and” in a conjunction.
For example, the statement “The sun is shining, but it is raining” is another way of

saying “The sun is shining and it is raining.”

Definition 1.6. Let p and q be propositions. The disjunction of p and q, denoted
by pV q, is the proposition “p or q.” The disjunction pV q s false when both p and
q are false and is true otherwise.

Table 1.3 displays the truth table for p V q. The use of the connective “or” in
a disjunction corresponds to one of the two ways the word “or” is used in English,
namely, in an inclusive way. Thus, a disjunction is true when at least one of the two
propositions in it is true. Sometimes, we use “or” in an exclusive sense. When the
“exclusive or” is used to connect the propositions p and ¢, the proposition “p or ¢
(but not both)” is obtained.

Definition 1.7. Let p and q be propositions. The exclusive or of p and q, denoted
by p @ q, is the proposition that is true when exactly one of p and q is true and is
false otherwise.
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Lec 1. PROPOSITIONAL LOGIC 4

The truth table for the exclusive or of two propositions is displayed in Table 1.4.

Definition 1.8. Let p and g be propositions. The conditional statement p —

1s the proposition “if p, then q.” The conditional statement p — q is false when p is

true_and q is false, and true otherwise.

P q | pDq p q|p—q
T T F T T T
T F T T F F
F T T F T T
F F F F F T
Table 1.4: Exclusive or Table 1.5: Conditional Statement

In the conditional statement p — ¢, p is called the hypothesis (or antecedent or
premise) and ¢ is called the conclusion (or consequence). The statement p — ¢ is
called a conditional statement because p — ¢ asserts that ¢ is true on the condition
that p holds. A conditional statement is also called an implication. The truth
table for the conditional statement p — ¢ is shown in Table 1.5. Note that the
statement p — ¢ is true when both p and ¢ are true and when p is false (no matter
what truth value ¢ has).

Because conditional statements play such an essential role in mathematical reason-
ing, a variety of terminology is used to express p — ¢. A useful way to understand
the truth value of a conditional statement is to think of an obligation or a contract.
For example, a pledge many politicians make when running for office is “If I am
elected, then I will lower taxes.” If the politician is elected but does not lowers
taxes, then and then only the voters can say that the politician has broken the
campaign pledge. This scenario corresponds to the case when p is true but ¢ is false

inp —q.
You will encounter most if not all of the following ways to express this conditional

statement:

“if p, then ¢” “p implies ¢”

“if p, ¢” “p only if ¢”

“p is sufficient for ¢” “a sufficient condition for ¢ is p”

“q if p” “q whenever p”

“q when p” “q is necessary for p”

“q unless —p” “q follows from p”

“a necessary condition for p is q”.
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Lec 1. PROPOSITIONAL LOGIC Y

Example 1.1. Let p be the statement “Ali learns discrete mathematics” and ¢ the
statement “Ali will find a good job.” Express the statement p — ¢ as a statement in

English.

Solution: From the definition of conditional statements, we see that when
p is the statement “Ali learns discrete mathematics”

q is the statement “Ali will find a good job,”

p — q represents the statement “If Ali learns discrete mathematics, then he will find a

good job.”

There are many other ways to express this conditional statement in English.
Among the most natural of these are:
“Ali will find a good job when Ali learns discrete mathematics.”
“For Ali to get a good job, it is sufficient for him to learn discrete mathematics.” and

“Ali will find a good job unless Ali does not learn discrete mathematics.” and so on.

1.1.1 Converse, Contrapositive, and Inverse

We can form some new conditional statements starting with a conditional statement
p — ¢q. In particular, there are three related conditional statements that occur so
often that they have special names.

Definition 1.9. The proposition ¢ — p is called the converse of p — q. The
contrapositive of p — q s the proposition —q — —p. The proposition —p — —q is

called the inverse of p — q.

From the truth table we can easily check that the truth values of p — ¢ and
—q — —p are same. This leads us to the next definition.

Definition 1.10. When two compound propositions always have the same truth
value we call them equivalent.

The converse and the inverse of a conditional statement are also equivalent.

Example 1.2. What are the contrapositive, the converse, and the inverse of the

conditional statement “The home team wins whenever it is raining?”
Solution: Because “q whenever p” is one of the ways to express the conditional
statement p — ¢, the original statement can be rewritten as “If it is raining, then the
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home team wins.” Consequently, the contrapositive of this conditional statement is
“If the home team does not win, then it is not raining.” The converse is “If the home
team wins, then it is raining.” The inverse is “If it is not raining, then the home
team does not win.” Only the contrapositive is equivalent to the original statement.
It can be easily verified by the truth table.

We now introduce another way to combine propositions that expresses that two
propositions have the same truth value.

Definition 1.11. Let p and q be propositions. The (biconditional statement
p <> q is the proposition “p if and only if q.” The biconditional statement p <> q s
true when p and q have the same truth values, and is false otherwise. Biconditional

statements are also called bi-tmplications.

The truth table for p +» ¢ is shown in Table 1.6. There are some other common
ways to express p <> ¢ : “p is necessary and sufficient for ¢”, “if p then ¢, and
conversely”, “p iff ¢.” The last way of expressing the biconditional statement p <> ¢

uses the abbreviation “iff” for “if and only if.” Note that p <+ ¢ has exactly the
same truth value as (p — ¢) A (¢ — p). We have now introduced four important

P g9 | pg

T T T

T F F X-NOR
F T F

F F T

Table 1.6: Biconditional Statement

logical connectives—conjunctions, disjunctions, conditional statements, and bicon-
ditional statements—as well as negations. We can use these connectives to build
up complicated compound propositions involving any number of propositional vari-
ables. We can use truth tables to determine the truth values of these compound
propositions. We use a separate column to find the truth value of each compound
expression that occurs in the compound proposition as it is built up. The truth
values of the compound proposition for each combination of truth values of the

propositional variables in it is found in the final column of the table.

Example 1.3. Construct the truth table of the compound proposition
(pV—=q) = (pAa)
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Solution: Because this truth table involves two propositional variables p and gq,
there are four rows in this truth table, one for each of the pairs of truth values T'T,
TF, FT, and FF. The first two columns are used for the truth values of p and ¢,
respectively. In the third column we find the truth value of —¢, needed to find the
truth value of p V —¢, found in the fourth column. The fifth column gives the truth
value of p A ¢. Finally, the truth value of (pM=g¢))' = (P AG) is found in the last
column. The resulting truth table is shown in Table 1.7.

P 49, q|pVqg| pAqg|(pVq) = (PAq)
T T| F T T T
T F| T T F F
F T| F F F T
F F| T T F F

Table 1.7: The Truth table

1.1.2 Precedence of Logical Operators

We can construct compound propositions using the negation operator and the logical
operators defined so far. We will generally use parentheses to specify the order in
which logical operators in a compound proposition are to be applied. For instance,
(pV q) A (—r) is the conjunction of p V ¢ and —r. However, to reduce the number of
parentheses, we specify that the negation operator is applied before all other logical
operators. This means that —p A ¢ is the conjunction of —p and ¢, namely, (—p) A g,
not the negation of the conjunction of p and ¢, namely —(p A q).

Another general rule of precedence is that the conjunction operator takes precedence
over the disjunction operator, so that pV ¢Ar means pV (¢Ar) rather than (pVq) Ar.
Because this rule may be difficult to remember, we will continue to use parentheses
so that the order of the disjunction and conjunction operators is clear. Table 1.8
displays the precedence levels of the logical operators.

Operator | Precedence

—_

A
V
N
<~

QU | R DN —

Table 1.8: Precedence of Logical Operators
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1.2 Propositional Equivalences

An important type of step used in a mathematical argument is the replacement of
a statement with another statement with the same truth value. Because of this,
methods that produce propositions with the same truth value as a given compound
proposition are used extensively in the construction of mathematical arguments.
Note that we will use the term “compound proposition” to refer to an expression
formed from propositional variables using logical operators, such as p A q. We begin
our discussion with a classification of compound propositions according to their

possible truth values.

Definition 1.12. A compound proposition that is always true, no matter what the
truth values of the propositional variables that occur in it, is called a tautology. A
compound proposition that is always false is called a contradiction. A compound

proposition that is neither a tautology nor a contradiction is called a contingency.

Tautologies and contradictions are often important in mathematical reasoning.

Anl example of a tautology is p\/—golwhereas an|example for a contradiction is p A —p.
The following truth table illustrates this.

p|p|pVYp|PATP
T| F T F
F| T T F

Table 1.9: Examples of Tautology and Contradiction

1.2.1 Logical Equivalences

Compound propositions that have the same truth values in all possible cases are
called logically equivalent. We can also define the notion as follows.

Definition 1.13. The compound propositions p and q are called logically equiva-
lent if p <+ q 1s a tautology. The notation p = q denotes that p and q are logically

equivalent.

One way to determine whether two compound propositions are equivalent is to
use a truth table.
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Lec 2. PROPOSITIONAL LOGIC 2

Example 1.4. Show that —(p V ¢) and =p A —q are logically equivalent.

Solution: The truth tables for these compound propositions are displayed in Table
1.10. Because the truth values of the compound propositions =(p V q) and —p A —¢
agree for all possible combinations of the truth values of p and ¢, it follows that
—(pV q) < (—p A —q) is a tautology and that these compound propositions are
logically equivalent.

P 9| pVq|-(pVq |- p|q| pAg| ~(pVg < (7pA—q)
T T| T F F | F F T
T F| T F F | T F T
F T| T F T | F F T
F F| F T T T T T

Table 1.10: The truth table

Example 1.5. Show that [p — g and —p V ¢ |are logically equivalent.

Solution: We construct the truth table for these compound propositions in Ta-
ble 1.11. Because the truth values of —p V ¢ and p — ¢ agree, they are logically
equivalent.

-p|pVqg|p—q

P g

T T| F T T
T F| F F F
F T T T T
F F| T T T

Table 1.11: The truth table

We will now establish a logical equivalence of two compound propositions involv-
ing three different propositional variables p, ¢, and r. To use a truth table to establish
such a logical equivalence, we need eight rows, one for each possible combination of
truth values of these three variables. In general, 2" rows are required in the truth
table to establish logical equivalence involving n propositional variables.

Table 1.12 demonstrates that pV (¢Ar) and (pVq) A(pVr) are logically equivalent.

EXEMPIENNGY Show that|p vV (¢ A7) and (p Vv q) A (p V r)|are logically equivalent.
This is the distributive law of disjunction over conjunction.

Solution: We construct the truth table for these compound propositions in Table
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Lec 2. PROPOSITIONAL LOGIC 3

pV(gAr)and (pVg)A(pVr)

P g r|gAr | pV(gAT) | pVg|pVr | (pVagA(pVrT)
T T T| T T T T T
T T F| F T T T T
T F T| F T T T T
T F F| F T T T T
F T T| T T T T T
F T F| F F T F F
F F T| F F F T F
F F F| F F F F F

Table 1.12: The truth table

1.12. Because the truth values of pV (¢Ar) and (pVq)A(pVr) agree, these compound
propositions are logically equivalent.

Equivalence Name Equivalence Name
pANT=p Identity (pVqgVr=pV(gVr) Associative
pVF=p laws (pANQAT=pA(gNT) laws
pV T =T | Domination | pV (¢gAr)=(pVq) A (pVr)| Distributive
pANF =F laws pA(qVr)=(pAqgV(pAT) laws

pNVp=p Idempotent —(pAq)=-pV—q De Morgan’s
pPAD=Dp laws ~(pVg) =-pA—q laws
—(=p)=p Double pV(pAg =p Absorption
negation law pA(pVaqg) =p laws
pVq=qVp | Commutative pV-p=T Negation
PAG=qAD laws pA-p=F laws

Table 1.13: Logical Equivalences

Table 1.13 contains some important equivalences. In these equivalences, T de-
notes the compound proposition that is always true and F denotes the compound
proposition that is always false. Note that py Vpo V... Vp, and py Aps A...Ap, are
well defined whenever py, po, ..., p, are propositions. Also De Morgan’s laws extend

to
(1 VeV Vpp) = (o Ampe A A Tpy)
and

“(prAPaA . AP = (P Vopa VoV Spy).

EXEMPIENNT Show that —(p V (—p A q)) and —p A —q are logically equivalent by
developing a series of logical equivalences.

Solution: We will use one of the equivalences in Table 1.13 at a time, starting with

—(p V (=p A q)) and ending with —p A =¢. We have the following equivalences.
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Equivalence
p—=q=-pVgq
pP—q=-q— —p Logical Equivalences
pVqg=-p—q Involving
pAqg=-(p— —q) Conditional Statements

—(p—=q) =pA—q

P2 App—=r)=p—(gAT)
(p—=r)A(g—=r)=pmVa) —r
p—=qVvp—r)=p—>(qVr)
(p—=nr)Vig—or)=p@Ag =7
perqg=(p—q N(g—Dp)

P g =p g Logical Equivalences Involving
perqg=(@AqV(—pA—q) Biconditional Statements

—(perq)=p g

Table 1.14: Logical Equivalences

=(pV(pAqg) = —pA-(=pAq) by the second De Morgan law
= —pA[=(=p) Vg by the first De Morgan law
= —pA(pV—q) by the double negation law
= (-pAp)V (=pA—q) by the second distributive law
= F V(-pA—q) by the second negation law
= (-pA—-q)VF by the commutative law
for disjunction
—p A\ g by the identity law for F

Consequently —(p V (—=p A ¢)) and =p A =g are logically equivalent.

Logical equivalences involving conditional statements and biconditional statements
are given in the table 1.14. These equivalences are important as they form basic
tools for proving theorems. Few theorems involve “if and only if” p <+ ¢. To prove
the theorem of this type we use the equivalence p <> ¢ = (p — q) A (¢ — p). So it is
enough to prove the statements p — ¢ and ¢ — p separately.

Remark 1.1. A logical equivalence can be proved by using either a truth table or by
using a chain of known logical equivalences. Also a tautology can be proved by using

either a truth table or by using logical equivalences.

(Exampleni8) Show that (p A q) — (pV q) is a tautology.

Solution: To show that this statement is a tautology, we will use logical equivalences
to demonstrate that it is logically equivalent to T.
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(pAg) = (Ve = ~(pAq)V(pVyg) sincep—qg=-pVyq

= (—pV—q)V(pVq) by the first De Morgan law

(=pV p)V (=qV q) by the associative and comm-
utative laws for disjunction

= TVT by the commutative and
negation laws for disjunction.
=T by the domination law

Thus we have shown that (p A ¢) — (pV q) is a tautology.
(Note: This could also be done using a truth table.)

Logic has practical applications to the design of computing machines, to the speci-
fication of systems, to artificial intelligence, to computer programming, to program-
ming languages, and to other areas of computer science, as well as to many other
fields of study. In the next chapter we will introduce the concepts which will help

us to express the meaning of statements in mathematics and natural language.
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The Inclusion and Exclusion Principle

Introduction

The principle of Inclusion and Exclusion is doubtless very old; its origin is probably
untraceable. The principle of Inclusion and Exclusion is sometimes referred to as
“Poincare’s Theorem”. J. J. Sylvester and Danial da Silva are the two mathemati-
cians associated with the combinatorial form of the principle.

The principle of Inclusion and Exclusion is a way of thinking about combining sets

with overlapping elements.

If a task can be done in either n; ways or no ways, then the number of ways to do
the task is n; + no minus the number of ways to do the task that are common to
the two different ways.

The subtraction rule is also known as the principle of inclusion-exclusion, especially
when it is used to count the number of elements in the union of two sets. Suppose
that A; and A, are sets. Then, there are | A;| ways to select an element from A; and
| As| ways to select an element from A,. The number of ways to select an element
from Ay or from A, that is, the number of ways to select an element from their
union, is the sum of the number of ways to select an element from A; and the
number of ways to select an element from Ay, minus the number of ways to select
an element that is in both A; and Ay. Because there are |A; U As| ways to select an
element in either A; or in Ay, and |A; N As| ways to select an element common to
both sets, we have |A; U As| = |A1| + |As| — |A1 N As.
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A ANB

— How many bit strings of length eight either start with a 1 bit or end
with the two bits 007

Solution: We can construct a bit string of length eight that either starts with
a 1 bit or ends with the two bits 00, by constructing a bit string of length eight
beginning with a 1 bit or by constructing a bit string of length eight that ends with
the two bits 00. We can construct a bit string of length eight that begins with a
1 in 27 = 128 ways. This follows by the product rule, because the first bit can be
chosen in only one way and each of the other seven bits can be chosen in two ways.
Similarly, we can construct a bit string of length eight ending with the two bits 00,
in 26 = 64 ways. This follows by the product rule, because each of the first six bits
can be chosen in two ways and the last two bits can be chosen in only one way.
Some of the ways to construct a bit string of length eight starting with a 1 are the
same as the ways to construct a bit string of length eight that ends with the two bits

00. There are 2° = 32 ways to construct such a string. This follows by the product
rule, because the first bit can be chosen in only one way, each of the second through
the sixth bits can be chosen in two ways, and the last two bits can be chosen in one
way. Consequently, the number of bit strings of length eight that begin with a 1 or
end with a 00, which equals the number of ways to construct a bit string of length
eight that begins with a 1 or that ends with 00, equals 128 4+ 64 — 32 = 160.

— A computer company receives 350 applications from graduates for a
job. Suppose that 220 of these applicants majored in computer science, 147 majored

in business, and 51 majored both in computer science and in business. How many
of these applicants majored neither in computer science nor in business?

Solution: To find the number of these applicants who majored neither in computer
science nor in business, we can subtract the number of students who majored either
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Lec_3. THE INCLUSION AND EXCLUSION PRINCIPLE 3

|4, =220 [A =147

A, ~ A, =51

in computer science or in business (or both) from the total number of applicants.
Let A; be the set of students who majored in computer science and Ay the set of
students who majored in business. Then A; U A, is the set of students who majored
in computer science or business (or both), and A; N Ay is the set of students who
majored both in computer science and in business. By the subtraction rule the
number of students who majored either in computer science or in business (or both)
equals |A; U As| = |Ay| + |Ag| — |A1 N Ay] = 220 + 147 — 51 = 316. We conclude
that 350 — 316 = 34 of the applicants majored neither in computer science nor in

business.

3.2 The Principle of Inclusion and Exclusion

The principle of Inclusion and Exclusion, hereafter called PIE, gives a formula for
the size of the union of n finite sets. We assume that the universe is finite. It
is a generalization of the familiar formulas |A U B| = |A| + |B| — |A N B| and

|JAUBUC||=|A|+|B|+|C|—|ANB|—|ANC|—|BNC|+|AnBNCI.

AnC
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Theorem 3.1. If P, P, ..., P, be finite sets, then
|IPLURU...UP,| = |Pi|+|P|+...4+|P)|—|PINP|—|PINPs|—...|P.o1N P, |+

|PLN PN P3|+ |PLNPoNPy|+...+|Py oN By NP, —. ..+ (=1)"T PN PN...NPR,|
That 1is
[PURU...UP|= )Y [P|- ) [|BNP
1<i<n 1<i<j<n
+ > RNPNP| - 4+ ()" PNPN . NP,

1<i<j<k<n

That is, the cardinality of the union P,U P, U ...U P, can be calculated by including
(adding) the sizes of all of the sets together, then excluding (subtracting) the sizes
of the intersections of all pairs of sets, then including the sizes of the intersections of
all triples, excluding the sizes of the intersections of all quadruples, and so on until,
finally, the size of the intersection of all of the sets has been included or excluded,
as appropriate. If n is odd it is included, and if n is even it is excluded.

It is important to remember that all sets involved must be finite.

We should try to use PIE when we are trying to count something described by a
bunch of conditions, any number of which might hold at the same time. Often PIE
is used in conjunction with counting the complement. That is, you use it to count
the number of objects in the universe that you do not want, and subtract this from
the size of the universe (which needs to be finite). In applying PIE, the setup is of
great importance. You need to be clear about what the sets are (what it means to
belong to one or more of them), what the universe is, and how the principle gives
you what you want. Once you have done this, things often reduce to more or less
straightforward counting problems.

Note: In PIE, for n sets there are (}) sums of one sets, there are (}) sums of
intersection of two sets, there are (%) sums of intersections of three sets,...,there are
(") sums of intersections of n sets.If n=4 then there are (1) = 4 sums of one sets,

(53) = 6 sums of intersections of two sets, (3) = 4 sums of intersection of three sets
and (}) = 1 sum of intersections of three sets.

Example 3.3. In a discrete mathematics class every student is a major in computer

science or mathematics, or both. The number of students having computer science
as a major (possibly along with mathematics) is 25; the number of students hav-

ing mathematics as a major (possibly along with computer science) is 13; and the
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number of students majoring in both computer science and mathematics is 8. How
many students are in this class?

Solution: Let A be the set of students in the class majoring in computer science

| A= 25 |BI=13

|AnB|=8
and B be the set of students in the class majoring in mathematics. Then AN B
is the set of students in the class who are joint mathematics and computer science
majors. Because every student in the class is majoring in either computer science or
mathematics (or both), it follows that the number of students in the class is |[AU B).
Therefore, |[AU B| = |A| + |B| — |AN B| = 25+ 13 — 8 = 30. Therefore, there are
30 students in the class.

— How many positive integers not exceeding 1000 are divisible by 7 or
117

Solution: Let A be the set of positive integers not exceeding 1000 that are divisible

| A|=142 | B|=90

|ANB =12

by 7, and let B be the set of positive integers not exceeding 1000 that are divisible
by 11. Then A U B is the set of integers not exceeding 1000 that are divisible by
either 7 or 11, and AN B is the set of integers not exceeding 1000 that are divisible
by both 7 and 11. We know that among the positive integers not exceeding 1000

1000 1000
there are {TJ integers divisible by 7 and {TJ divisible by 11. Because 7 and

11 are relatively prime, the integers divisible by both 7 and 11 are those divisible by

1000
7 x 11. Consequently, there are {WJ positive integers not exceeding 1000 that
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are divisible by both 7 and 11. It follows that there are
|AUB| = |A|+ |B| — |AN B| = 142 + 90 — 12 = 220 positive integers not exceeding
1000 that are divisible by either 7 or 11.

—Suppose that there are 1807 students in first year at your college. Of
these, 453 are taking a course in computer science, 567 are taking a course in

mathematics, and 299 are taking courses in both computer science and mathematics.
How many are not taking a course either in computer science or in mathematics?

Solution: To find the number of first year students who are not taking a course

in either mathematics or computer science, subtract the number that are taking a
course in either of these subjects from the total number of first year students. Let
A be the set of all first year students taking a course in computer science, and let B
be the set of all first year students taking a course in mathematics. It follows that
|A| = 453, |B| = 567, and |AN B| = 299. The number of first year students taking a
course in either computer science or mathematics is |[AU B| = |A|+ |B|— |ANB| =
453+ 567 —299 = 721. Consequently, there are 1807 — 721 = 1086 first year students

who are not taking a course in computer science or mathematics.

Example 3.6. A total of 1232 students have taken a course in Spanish, 879 have
taken a course in French, and 114 have taken a course in Russian. Further, 103 have
taken courses in both Spanish and French, 23 have taken courses in both Spanish and
Russian, and 14 have taken courses in both French and Russian. If 2092 students
have taken at least one of Spanish, French, and Russian, how many students have
taken a course in all three languages?

Solution: Let S be the set of students who have taken a course in Spanish, F' the

set of students who have taken a course in French, and R the set of students who
have taken a course in Russian. Then |S| = 1232, |F| =879, |R| =114, |[SNF| =

103, [SNR| =23, [FNR| =14, and |SU F U R| = 2092. When we insert these
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ISnF |=103

1S |=1232 IER 519

SAR =23
[3nk) IFAR =14

|IR|=114
|SARnFl=?

quantities into the equation |[SUFUR| = |S|+ |F|+ |R|—|SNF|—=|[SNR|—|FN
R|+|S N FNR| we obtain 2092 = 12324+ 879 + 114 — 103 - 23 — 14+ |[SN F N R|.
We now solve for |[S N F N R|. We find that |S N F N R| = 7. Therefore, there are
seven students who have taken courses in Spanish, French, and Russian.

Example 3.7. At your college, there are 20,30, 25, and 43 students have taken
languages Marathi, Hindi, English, Sanskrit respectively; there are 10 students who
have taken Marathi and Hindi; 9 students who have taken Hindi and English; 13
students who have taken Marathi and Sanskrit; 18 students who have taken Marathi
and English; 25 students who have taken Hindi and Sanskrit; 17 students who have
taken English and Sanskrit; 5 students who have taken Marathi, Hindi, English; 3
students who have taken Marathi, Hindi, Sanskrit; 2 students who have taken Hindi,
English, Sanskrit; 2 students who have taken Marathi, English, Sanskrit; 1 student
who has taken all four languages. How many students are enrolled in languages
either Marathi or Hindi or English or Sanskrit?

Solution: Let M be the set of students who have taken Marathi, H the set of

students who have taken Hindi, E the set of students who have taken English, S
the set of students who have taken Sanskrit. Then |M| = 20, |H| = 30, |E| =

25, |S| =43, MNH|=10, |[HNE| =9, IMNS|=13, [IMNE|=18, |[HNS| =
25, |[ENS| =17, MNHNE|=5 [MNHNS|=3, | MNENS|=2, |[HNEN
Sl =2, IMNHNENS|=1. When we insert these quantities into the equation
IMUHUEUS| = |M|+|H|+|E|+|S|—-|MNH|-|HNE|-|MNS|—|MNE|—-|HN
S|—|ENS|+|MNHNE|+|MNHNS|+|IMNENS|+|HNENS|—|MNHNENS| =
204+304+25443—-10—-9—-13—-18—-25—-174+5+ 3+ 2+ 2 — 1 = 37 Therefore,
there are 37 students who have taken atleast one language out of Marathi, Hindi,
English, and Sanskrit.
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1. How many elements are in A; U A if there are 12 elements in Ay, 18 elements
in AQ, and a) AlﬂAg :gb‘? b) |A1ﬂA2‘ =17 C) ‘AlﬂA2| =67 d) Al g AQ ?

2. A survey of households in the United States reveals that 96 percent have at
least one television set, 98 percent have telephone service, and 95 percent have
telephone service and at least one television set. What percentage of households

in the United States have neither telephone service nor a television set?

3. Find the number of elements in A; U Ay U Aj if there are 100 elements in each
set and if
a) the sets are pairwise disjoint.
b) there are 50 common elements in each pair of sets and no elements in all
three sets.
c¢) there are 50 common elements in each pair of sets and 25 elements in all
three sets.
d) the sets are equal.

4. There are 2504 computer science students at a college. Of these, 1876 have
taken a course in Java, 999 have taken a course in Linux, and 345 have taken
a course in C. Further, 876 have taken courses in both Java and Linux, 231
have taken courses in both Linux and C, and 290 have taken courses in both
Java and C. If 189 of these students have taken courses in Linux, Java, and C,
how many of these 2504 students have not taken a course in any of these three
programming languages?

5. How many students are enrolled in a course either in calculus, discrete math-
ematics, data structures, or programming languages at a college if there are
507,292,312, and 344 students in these courses, respectively; 14 in both calcu-
lus and data structures; 213 in both calculus and programming languages; 211
in both discrete mathematics and data structures; 43 in both discrete math-
ematics and programming languages; and no student may take calculus and
discrete mathematics, or data structures and programming languages, concur-
rently?

6. How many elements are in the union of four sets if the sets have 50, 60, 70, and
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80 elements, respectively, each pair of the sets has 5 elements in common, each
triple of the sets has 2 common elements, and 1 element is common in all four

sets?

7. In a survey of 270 college students, it is found that 64 like brussels sprouts, 94
like broccoli, 58 like cauliflower, 26 like both brussels sprouts and broccoli, 28
like both brussels sprouts and cauliflower, 22 like both broccoli and cauliflower,
and 14 like all three vegetables. How many of 270 students do not like any of
these vegetables?



Discrete Structures
1st Stage

By Dr. Alaa Jarah
Lec 4

Counting

Introduction

The origin of combinatorics goes far back in history. Magic squares (arrays where
columns, rows and diagonals all sum to the same number) were popular subjects of
mathematical study in medieval times. Jewish and Arab mathematicians in the early
middle ages focused on combinatorial problems that counted the number of
possibilities in a situation and evaluated their probability. This subject was studied
in the seventeenth century, when combinatorial questions arose in the study of
gambling games. Combinatorial approach to problem solving appears in the works
of leading mathematicians such as Fibonacci, Pascal, Fermat and Euler. In modern
times, the works of J. ]. Sylvester (late 19t century) and Percy MacMahon (early 20t
century) laid the foundation for enumerative and algebraic combinatorics. In the
second half of 20t century, combinatorics enjoyed a rapid growth. The growth was
spurred by new connections and applications to other fields, ranging from algebra
to probability, from functional analysis to number theory, etc. These connections
shed the boundaries between combinatorics and parts of mathematics and
theoretical computer science, but at the same time led to a partial fragmentation of
the field.

Combinatorics is that part of mathematics which deals with counting and
enumeration of specified objects, patterns or designs. Counting is also required to
determine whether there are enough telephone numbers or Internet protocol
addresses to meet demand. Recently, it has played a key role in mathematical
biology, especially in sequencing DNA.

Lec_4.  COUNTING



4.1 Product and Sum Rule

Suppose that a password on a computer system consists of six, seven or eight
characters. Each of these characters must be a digit or a letter of the alphabet. Each
password must contain at least one digit. How many such passwords are there?

The techniques needed to answer this question and a wide variety of other
counting problems will be introduced in this section. Here we study two basic
counting principles, the product rule and the sum rule.

4.1.1 The Product Rule

Product Rule : Suppose that a procedure can be broken down into a sequence of
two tasks. If there are n1 ways to do the first task and for each of these ways of doing
the first task, there are n2 ways to do the second task, then there are n1 x n; ways to
do the procedure.

Note: The way to perform the second task does not depend on the way in which the
first task is performed.

Example 4.1. Chairs of an auditorium are to be labeled with an uppercase English
letter followed by a positive integer not exceeding 100. What is the largest number
of chairs that can be labeled differently?

Solution: The procedure of labellings a chair consists of two tasks, namely, assigning

to the seat one of the 26 uppercase English letters, and then assigning to it one of the
100 possible integers. The product rule shows that there are 26x100 = 2600
different ways that a chair can be labeled. Therefore, the largest number of chairs
that can be labeled differently is 2600.

Example 4.2. There are 32 microcomputers in a computer center. Each
microcomputer has 24 ports. How many different ports to a microcomputer in the
center are there?

Solution: The procedure of choosing a port consists of two tasks, first picking a
microcomputer and then picking a port on this microcomputer. Because there are
32 ways to choose the microcomputer and 24 ways to choose the port no matter
which microcomputer has been selected, the product rule shows that there are 32 x
24 =768 ports.

Example 4.3. A new company with just two employees, Anil and Neel, rents a floor
of a building with 12 offices. How many ways are there to assign different offices to
these two employees?
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Solution: The procedure of assigning offices to these two employees consists of

assigning an office to Anil, which can be done in 12 ways, then assigning an office to
Neel different from the office assigned to Anil and which can be done in 11 ways. By
the product rule, there are 12 x 11 = 132 ways to assign offices to these two

employees.

An extended version of the product rule is often useful.
Generalized Product Rule : Suppose that a procedure is carried out by performing

the tasks T1,T>,.., Tmin sequence. If each task T, i = 1,2,..,m, can be done in n; ways,
regardless of how the previous tasks were done, then there are n1 x nz x -+ x n,ways

to carry out the procedure.

Example 4.4. A certain type of car can be purchased in any of five colors, with a
manual or automatic transmission, and with any of three engine sizes. How many
different car packages are available?
Solution: We can select colour in 5 ways, we can select transmission type in 2 ways,
we can select engine type in 3 ways. Therefore by generalized product rule there are
5 x 2 x 3 = 30 car packages available.

Example 4.5. Let L be the set of Washington state license plates, three numbers
followed by three capital letters. How many license plates are in the set?

Solution: Each letter on license plate can be selected in 26 ways, each digit on license
plate can be selected in 10 ways. Therefore by multiplication principle there are 26
x26x26x10x10x10=17,576,000 Washington state license plates.

Example 4.6. In the above example if letters and digits on license plate can not be
repeated, then find the number of possible license plates.

Solution: First letter on license plate can be selected in 26 ways. Since there is no
repetition, second letter on license plate can be selected in 25 ways, third letter on
license plate can be selected in 24 ways. First digit on license plate can be selected
in 10 ways, second digit on license plate can be selected in 9 ways, third digit on
license plate can be selected in 8 ways. Therefore by multiplication principle there
are 26 x 25x 24 x 10 x 9 x 8 = 11,232,000 required license plates.
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Example 4.7. How many different 4-letter radio station call letters (upper case) can

be made

a) if the first letter must be a K or W and no letter may be repeated?

b) if repeats are allowed (but the first letter is a K or W).

c) How many of the 4-letter call letters (starting with K or W) with no repeats endin
R?

Solution: a) Since first letter is K or W, there are 2 ways to select first letter. Since

there is no repetition, there are 25 ways to select second letter, 24 ways to select

third letter, 23 ways to select fourth letter. By multiplication principle, there are 2 x

25 x 24 x 23 =27,600 radio station call letters.

b) Since first letter is K or W, there are 2 ways to select first letter. Since rep-
etition is allowed, there are 26 ways to select second letter, 26 ways to select third
letter, 26 ways to select fourth letter. By multiplication principle, there are 2 x 26 x
26 x 26 = 35,152 radio station call letters.

2x24x23x1

c) The last place can be filled in 1 way(with R). Since the first letter is K or W,
thereare 2 ways to select first letter. Since repetition is not allowed, there are 24
ways to select the second letter and 23 ways to select the third letter. By
multiplication principle, there are 2 x 24 x 23 x 1 radio station call letters that can
be made.

Example 4.8. How many different bit (each bit is either 0 or 1) strings of length
seven are there?

Solution: Each of the seven bits can be chosen in two ways, because each bit is either
0 or 1. Therefore, the product rule shows there are a total of 27 = 128 different bit
strings of length seven.

Theorem 4.1. (Counting Functions) The number of functions from a set with r

elements to a set with n elements is n’".

Proof. A function corresponds to a choice of one of the n elements in the codomain

for each of the r elements in the domain. Hence, by the product rule there are
nxXnx...xn=n"

W

r times functions from a set with r elements to one with n elements.
[
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Theorem 4.2. (Counting One-to-One Functions) The number of one-to-one
functions from a set with r elements to a set with n elementsisn x (n—1) x (n-2) x ...

x(n-r+1)

Proof. First note that when r > n there are no one-to-one functions from a set with r
elements to a set with n elements.

Now let r < n. Suppose the elements in the domain are ay,az,....ar. There are n ways to
choose the value of the function at a1. Because the function is one-to-one, the value
of the function at az can be chosen in n-1 ways (because the value used for a; cannot
be used again). In general, the value of the function at axcan be chosen in n-(k-1)
ways. By the product rule, there are nx(n-1)x(n-2)x...x(n-r+1) one-to-one functions

from a set with r elements to one with n elements. [ ]

Theorem 4.3. (Counting Subsets of a Finite Set) The number of different subsets of
a finite set X with n elements is 2".

Proof. Let X = {ay,az,..,an} be a finite set. For any subset A of X we define bit-string Sa
= b1bz...bn, where bi=0if a;€/ A and b;=1 if a; € A. define function ¢ from power set
of X to set of all bit strings of length n as below.

@(A) = Safor all A € X. Note that ¢ is one-one and onto function. Therefore number
of subsets of X is number of bit strings of length n. By the product rule, there are 27

bit strings of length n. Hence total number of subsets of X = 27.[]

Note: The product rule is often phrased in terms of sets in the following way.

If A1,A>,..,Am are finite sets, then the number of elements in the Cartesian product of
these sets is the product of the number of elements in each set. To relate this to the
product rule, note that the task of choosing an element in the Cartesian product A1 x
Az x ... x Amis done by choosing an element in A1, an element in A43,.., and an element

in Am. By the product rule it follows that |A1 x A2 x ... x Am| = |A1]| x |A2] % ... x [Am].
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4.1.2 The Sum Rule

The Sum Rule : If a task can be done either in one of n1 ways or in one of nz ways,
where none of the set of n; ways is the same as any of the set of n; ways, then there

are ni1 + nz ways to do the task.

Example 4.9. Suppose there are 5 different types of burgers and 8 different types of
pizzas. How many selections does a customer have ?

Solution: There are 5 choices for the burgers and 8 choices for the pizzas. We have
to select one burger or one pizza. By addition principle there are 5+8 = 13 possible
selections.

We can extend the sum rule to more than two tasks.
Generalized Sum Rule :

Suppose that a task can be done in one of n1 ways, in one of n, ways,..., or in one of nm
ways, where none of the set of n;ways of doing the task is the same as any of the set
of njways, for all pairs i and j with 1 <i <j < m. Then the number of ways to do the

taskisni+ nz2+... + nm.

Example 4.10. Suppose that either a member of the mathematics faculty or a student
who is a mathematics major is chosen as a representative to a university committee.
How many different choices are there for this representative if there are 37 members
of the mathematics faculty and 83 mathematics majors and no one is both a faculty
member and a student?

Solution: There are 37 ways to choose a member of the mathematics faculty and
there are 83 ways to choose a student who is a mathematics major. Choosing a
member of mathematics faculty is never same as choosing a student who is a
mathematics major because no one is both a faculty member and a student. By the
sum rule it follows that there are 37 + 83 = 120 possible ways to pick this
representative.

Example 4.11. A student can choose a project from one of three lists. The three lists
contain 23, 15, and 19 possible projects, respectively. No project is in more than one
list. How many possible projects are there to choose from?

Solution: The student can choose a project by selecting a project from the first list,
the second list, or the third list. Because no project is in more than one list, by the
sum rule there are 23 + 15 + 19 = 57 ways to choose a project.
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Example 4.12. Each user on a computer system has a password, which is six to eight
characters long, where each character is an uppercase letter or a digit. Each
password must contain at least one digit. How many possible passwords are there?
Solution: Let P be the total number of possible passwords, and let Ps,P7, and Ps
denote the number of possible passwords of length 6,7, and 8, respectively. By the
sumrule, P = Ps+ P7+ Pg. We will now find Ps, P7, and Ps. Finding Pe directly is difficult.
To find Psit is easier to find the number of strings of uppercase letters and digits that
are six characters long, including those with no digits, and subtract from this the
number of strings with no digits. By the product rule, the number of strings of six
characters is 36°, and the number of strings with no digits is 266. Hence,

Ps=36°0-266=2,176,782,336 - 308,915,776 = 1,867,866,560. Similarly, we have P7

=367-267=78,364,164,096 - 8,031,810,176 = 70,332,353,920 and

Pg= — 26 = 2,821,109,907,456 — 208,827,064 348 8 576 =
P =P+ Pr+ Py = 2,684,483,063,360. 2,612,282,842, 880.

Consequently,

4.2 The Division Rule

We have introduced the product and sum rules for counting. You may wonder
whether there is also a division rule for counting. In fact, there is such a rule, which

can be useful when solving certain types of enumeration problems.
n

The Division Rule : There are d ways to do a task if it can be done using a procedure
that can be carried out in n ways, and for every way w, exactly d of the n ways
correspond to way w.

We can restate the division rule in terms of sets: If the finite set A is the union of n

pairwise disjoint subsets each with d elements, thenn = | |.

A

d
We can also formulate the division rule in terms of functions: If fis a function from

A to Bwhere A and B are finite sets, and that for every value y € B there are exactly



Lec_4. COUNTING 8

d values x € A such that f{x) = y (in which case, we say that fis d -to-one), then
Al

|B| = 7
Example 4.13. How many different ways are there to seat four people around a
circular table, where two seatings are considered the same when each person has
the same left neighbor and the same right neighbor?

Solution: We arbitrarily select a seat at the table and label it seat 1. We number the
rest of the seats in numerical order, proceeding clockwise around the table. Note that
there are four ways to select the person for seat 1, three ways to select the person
for seat 2, two ways to select the person for seat 3, and one way to select the person
for seat 4. Thus, there are 4! = 24 ways to order the given four people for these seats.
However, each of the four choices for seat 1 leads to the same arrangement, as we
distinguish two arrangements only when one of the people has a different immediate

left or immediate right neighbor. Because there are four ways to choose the person
24

for seat 1, by the division rule there are 4 =6 different seating arrangements of four
people around the circular table.

Exercises

1. There are 18 mathematics majors and 325 computer science majors at a
college.
a) In how many ways can two representatives be picked so that one is a math-
ematics major and the other is a computer science major?
b) In how many ways can one representative be picked who is either a mathe-
matics major or a computer science major?

2. A multiple-choice test contains 10 questions. There are four possible
answersfor each question.
a) In how many ways can a student answer the questions on the test if
thestudent answers every question?
b) In how many ways can a student answer the questions on the test if
thestudent can leave answers blank?

3. Sixdifferent airlines fly from Chennai to Mumbai and seven fly from Mumbaito
Delhi. How many different pairs of airlines can you choose on which to book a
trip from Chennai to Delhi via Mumbai, when you pick an airline for the flight
to Mumbai and an airline for the continuation flight to Delhi?



Lec_4. COUNTING 9

How many different three capital letter initials can people have?
How many different three capital letter initials are there that begin with an A?

How many bit strings with length not exceeding n, where n is a positive integer,
consist entirely of 1s, not counting the empty string?

How many strings of five ASCII characters contain the character ‘a’ at least
once? [Note: There are 128 different ASCII characters.]

How many 6-element RNA sequences(4,C,G,U sequences)
a) do not contain U?
b) end with GU?
c) start with C?
d) contain only A or U?

How many positive integers between 100 and 999 inclusive
a) are divisible by 7?
b) are odd?
c) have the same three decimal digits?
d) are not divisible by 4?

10. How many strings of three decimal digits

11

12.

13.

14

a) do not contain the same digit three times?
b) begin with an odd digit?
c) have exactly two digits that are 4s?

. A committee is formed consisting of one representative from each of the 50

states in the United States, where the representative from a state is either the
governor or one of the two senators from that state. How many ways are there
to form this committee?

How many license plates can be made using either two uppercase English
lettersfollowed by four digits or two digits followed by four uppercase English
letters?

How many license plates can be made using either two or three
uppercaseEnglish letters followed by either two or three digits?

. How many strings of eight capital English letters are there
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Basic Structures

¢ Sets.
Functions.
Seguences.

e Summations.
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Lec 6 Sets (1/24)

A set Is an unordered collection of objects.

The objects In a set are called the elements, or
members, of the set. A set Is said to contain its
elements.

Discrete Structures 3
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Sets (2/24)

S ={a,b,c, d}

We write a € S to denote that a 1s an element of
the set S. The notation e & S denotes that e IS not
an element of the set S.

Discrete Structures 4



Sets (3/24)

The set O of odd positive integers less than 10
can be expressed by O = {1, 3,5,7,9}.

The set of positive integers less than 100 can be
denoted by {1, 2, 3, ... ,99}.

N\

ellipses (...)

Discrete Structures




Sets (4/24)

Another way to describe a set|Is to use set
builder notation.

The set O of odd positive integers less than 10
can be expressed by 0 = {1, 3,5, 7,9}.

O = {x | x 1s an odd positive integer less than 10},

O={xeZ"|xis odd and x < 10}.

Discrete Structures 6
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Sets (5/24)

N =1{0, 1,2, 3, ...}, the set of all natural numbers

Z=1{...,-2,—-1,0,1,2, ...}, the set of all integers

Z7 =1{1,2,3,...}, the set of all positive integers

Q={p/qlp€Z qe€Z and q #0},
the set of all rational numbers

R, the set of all real numbers

R, the set of all positive real numbers

C, the set of all complex numbers.

Rational
Numbers

Natural
Numbers

08

D

Discrete Structures 7
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Interval Notation

Closed interval [a, D]
Open interval (a, b)

a,b] = {x|a < x < b}

a,b) = {x|a < x < b}
(a,b] = {x|a < x < b}
(a,b) = {x|a < x < b}

ANA

Discrete Structures 8
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If A and B are sets, then A and B are equal if and only If
Vx(x €A x€B). We write A=B, If A and B are
equal sets.

« Thesets{1,3,5}and {3,5, 1} are equal, because
they have the same elements.

« {1,3,3,5,5,5}I1sthe same as the set
{1, 3,5} because they have the same elements.

Discrete Structures ]


alaaj
Highlight

alaaj
Underline


Sets (8/24)

Empty Set

There Is a special set that has no elements. This set Is
called the empty set, or null set, and is denoted by @.

The empty set can also be denoted by { }

Discrete Structures 10
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Cardinality

The cardinality Is the number of distinct elementsin S.
The cardinality of S is denoted by |S].

Discrete Structures 11
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Examplel

S={a,b,c d}
S| =4

A=1{1,2,3,7,9)

0=1}

Discrete Structures 12
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Examplel

S={a,b,c d}
S| =4
A=1{1,2,3,709}
|A| =5

®={}
0] =0

Discrete Structures 13
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Example2

S = {a, b,c,d, {2}}

NES
A=1{1,2,3,{2,3},9}
Al =

0=}

@3] =

Discrete Structures
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Example2

S = {a, b,c,d, {2}}

S| =5
A=1{1,2,3,{2,3},9}
Al =5

0=}

@3 =1

Discrete Structures 15
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Infinite

A set Is said to be infinite If it Is not finite.
The set of positive integers is infinite.

7t ={123,..)

Discrete Structures 16




Sets (13/24)

Subset

The set A is said to be a subset of B if and only if
every element of A is also an element of B .

We use the notation 4 € B to indicate that
A is a subset of the set B .

ACB e Vx(x€A—->x€DB)

Discrete Structures 17




Sets (13/24)

Subset

The set A is said to be a subset of B if and only if
every element of A is also an element of B .

We use the notation 4 € B to indicate that

A is a subset of the set B .

ACB e Vx(x€A—->x€DB)

Discrete Structures

(A S B)

(B 2 A4)
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Sets (13/24)

Subset

For every set S,
()P<S and (ii)S CS.

To show that two sets A and B are equal, show that
A € Band B C A.

Discrete Structures 19




Sets (14/24)

Proper Subset

The set A4 is a subset of the set B but that A # B,

we write A C B
and say that A is a proper subset of B.

AcCB e(‘v’x(xEA—>xEB)/\EIx(xEB/\erA))

exist X

Discrete Structures
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Sets (15/24)

Example

For each of the following sets,
determine whether 3 is an element of that set.

{1,2,3,4}
{{13, {2}, {3}, {4}}
{1,2,{1,3}}

Discrete Structures 21




Sets (16/24)

Venn Diagram

A=1{1,2,3,4,7}
B =1{0,3,5,7,9}
C =1{1,2}

Discrete Structures 22




Sets (17/24)

Venn Diagram

A=1{12347
B = {0,3,5,7,9)\

C =1{1,2}

N

Universal Set —

0,59

Discrete Structures
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Sets (18/24)

Power Set

The set of all subsets.

[f the setis S. The power set of S is denoted by P(S).

The number of elements in the power setis 27

Discrete Structures 24



alaaj
Rectangle

alaaj
Highlight


Sets (18/24)

Power Set

The set of all subsets.

[f the setis S. The power set of S is denoted by P(S).

The number of elements in the power set is 2151
S =1{1,2,3}
P(S) =2°
= {0,{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3}}

Discrete Structures 25
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Sets (19/24)

Examplel

What is the power set of the empty set?

Discrete Structures 26




Sets (19/24)

Examplel

What is the power set of the empty set?

P@) = {9}.

Discrete Structures 27




Sets (20/24)

Example2

What is the power set of the set {3}?

Discrete Structures 28




Sets (20/24)

Example2

What is the power set of the set {3}?

P{0}) = {0, {0}}.

Discrete Structures p )




Sets (21/24)

The ordered n-tuple

The ordered n-tuple (a4, a,,...,a,)is the ordered
collection that has a; as its first element, a, as its

second element, ..., and a,, as its nth element.

In particular, ordered 2-tuples are called ordered

pairs (e.g., the ordered pairs (a, b))

Discrete Structures 30




Sets (22/24)

Cartesian Products

Let A and B be sets.
The Cartesian product of A and B, denoted by A X B,

is the set of all ordered pairs (a, b), where a € A and

b €B.Hence, AXB={(a,b)|a€ A ANb € B}.

Discrete Structures 31




Sets (22/24)

Cartesian Products - Example

LetA ={1,2}, and B ={a, b, ¢}
AxB={(1,a),(1,b),(1,¢),(2,a),(2,b),(2,c)}.

JAXB|=|A|*|B|=2*x3=6

Discrete Structures 32




Sets (22/24)

Cartesian Products - Example

LetA ={1,2}, and B ={a, b, ¢}
AxB={(1,a),(1,b),(1,¢),(2,a),(2,b),(2,c)}.

JAXB|=|A|*|B|=2*x3=6

Find B X A?

Discrete Structures 33




Sets (23/24)

The Cartesian product of more than two sets.

The Cartesian product of the sets Ay, A4,,..,A4A,,
denoted by A; X A, X - X 4, is the set of ordered
n-tuples (a4, a,, ... ,a,), where a; belongs to A; for

i =1,72,..,n. Inother words,

A1 X A, XX A, =

{(a,a,,...,a,) la; €A; fori=1,2,..,n}

Discrete Structures 34




Sets (24/24)

Example:

AXBXC,whereA=1{0,1},B=1{1,2},and C = {0, 1, 2}

AXBXxC=1{(010),(0,1,1),(0,1,2),(0,2,0), 0,2 1), (0,2, 2),
(1, ,0), (1,1, 1), (1, 1,2),(1,2,0), (1,2, 1), (1,2, 2)}.

Discrete Structures 35




Set Operations (1/7)

Union
Let A and B be sets. The union of the sets A and B,

denoted by A U B, is the set that contains those

elements that are eitherin A4 or in B, or in both.

AUB={x|x€AvVvxeB}

Discrete Structures 36




Set Operations (1/7)

Union
Let A and B be sets. The union of the sets A and B,

denoted by A U B, is the set that contains those

elements that are eitherin A4 or in B, or in both.

)

A U B i1s shaded.

U
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Set Operations (1/7)

Union
Let A and B be sets. The union of the sets A and B,

denoted by A U B, is the set that contains those

elements that are eitherin A4 or in B, or in both.

The union of the sets {1, 3,5} and {1, 2, 3}
is the set {1, 2, 3,5}

Discrete Structures 38




Set Operations (2/7)

Intersection
Let A and B be sets. The intersection of the sets A and

B, denoted by A N B, is the set that contains those

elements that are in both 4 and B.

ANB={x|x€AAx€B}

Discrete Structures 39




Set Operations (2/7)

Intersection
Let A and B be sets. The intersection of the sets A and

B, denoted by A N B, is the set that contains those

elements that are in both 4 and B.

¢

A N B 1s shaded.
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Set Operations (2/7)

Intersection
Let A and B be sets. The intersection of the sets A and

B, denoted by A N B, is the set that contains those

elements that are in both 4 and B.

The intersection of the sets {1, 3,5} and {1, 2, 3}
is the set {1, 3}

Discrete Structures 41




Set Operations (3/7)

Disjoint
Two sets are called disjoint if their intersection is the

empty set.

ANB =20

Discrete Structures
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Set Operations (4/7)

Difference

Let A and B be sets. The difference of A and B,
denoted by A — B, is the set containing those

elements that are in 4 but not in B.

A—B={x|x€eAAx & B}

Discrete Structures 43
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Set Operations (4/7)

Difference

Let A and B be sets. The difference of A and B,
denoted by A — B, is the set containing those

elements that are in 4 but not in B.

A =1{1,3,5}, B =1{1,2,3}
A—B = {5}

B-A ?

Discrete Structures 44



alaaj
Text Box
B-A ?


Set Operations (4/7)

Difference

A — B 1s shaded.

Discrete Structures 45




Set Operations (5/7)

Complement

Let U be the universal set.
The complement of the set A, denoted by A

An element x belongs to U if and only if x & A.

A_={x€U|x€A}

Discrete Structures 46




Set Operations (5/7)

Complement

Let U be the universal set.
The complement of the set A, denoted by A

An element x belongs to U if and only if x & A.

U=1{1,234,5}, A =1{1,3}
A =1{24,5}

Discrete Structures 47




Set Operations (5/7)

Complement

A is shaded.

Discrete Structures 48




Set Operations (6/7)

Generalized Unions

We use the notation
Al UA2 U e UA p— UAI’

to denote the union of the sets A, A,, ..., A,,.

Discrete Structures 49




Set Operations (6/7)

Generalized Unions

XD

A U B U C 1s shaded.
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Set Operations (7/7)

Generalized Intersections

We use the notation
AinAyn-nA, = (A

to denote the intersection of the sets A, A,, ..., A,,.

Discrete Structures 51




Set Operations (7/7)

Generalized Intersections

B
N

A N B NC 1s shaded.
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Set Identities (1/8)

TABLE Set Identities.

Identity Name

ANnU=A Identity laws

AU =A

AvU=U Domination laws
And =4

AUA=A Idempotent laws
ANA=A

(A_) =A Complementation law
AUB=BUA Commutative laws
ANB=BNA

Discrete Structures
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Set Identities (2/8)

TABLE Set Identities.

AUBUCO)=AUB)UC
ANBNCO)=ANB)NC

Associative laws

AUBNCO)=AUB)N(AUC(C)
ANBUCO)=ANB)UMANCQC)

Distributive laws

ANB=AUB De Morgan’s laws
AUB=ANB

AUANB) =A Absorption laws
AN(AuB)=A

AUA=U Complement laws
ANA=0

Discrete Structures
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Set Identities (3/8)

Examplel

Prove that AN B = A U B.

Discrete Structures 55




Set Identities (4/8)

Examplel — Answer

Prove that AN B = A U B.

First, we will show that AN B C A UB.

Next, we will show that AUBCAN

=

Discrete Structures 56




Set Identities (5/8)

First, we will show that AN B C A UB.

reANB by assumption

xrZANDB defn. of complement

—((x € A) A (z € B)) defn. of intersection

—(x € A)V—-(x € B) 1st De Morgan Law for Prop Logic
rZAVxr e B defn. of negation

reAvVzeB defn. of complement

reAUB defn. of union

Discrete Structures 57




Set Identities (6/8)

Next, we will show that AUBCANB.

reAUB by assumption

(x € A)V (z € B) defn. of union

(& A)V (z € B) defn. of complement

—(x € A)V—(z € B) defn. of negation

-((x € A)A (x € B)) by 1st De Morgan Law for Prop Logic
—-(z € AN B) defn. of intersection

reANB defn. of complement

Discrete Structures 58




Set Identities (7/8)

Example?
Use set builder notation and logical equivalences to establish

the first De Morgan law AN B = A UB.

Discrete Structures 59




Example2 — Answer
Use set builder notation and logical equivalences to establish

the first De Morgan law AN B = A UB.

x & AN B}

X xE}TUE}
=AUB

Set Identities (8/8)

“x€(ANB))}
(x| (x€AAXx€EB)}
x| (x€A)V-(xE€B)}

={x|x&AVx¢& B}

{x xeA_\/xef_i’}
{

Discrete Structures

by definition of complement

by definition of does not belong symbol

by definition of intersection

by the first De Morgan law for logical equivalences
by definition of does not belong symbol

by definition of complement

by definition of union

by meaning of set builder notation
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Lec 7 Functions (1/21)

Function

Let A and B be nonempty sets. A function f from A to
B is an assignment of exactly one element of B to
each element of A.

We write f(a) = b if b is the unique element of B
assigned by the function f to the element a of A.

If f is a function from A to B, we write f: A - B.

Discrete Structures 61




Functions (2/21)

Function
Adams o -0 A
Chou [ e B
Goodfriend @ e C
Rodriguez e oD
Stevens o -0 F

Assignment of grades in a discrete mathematics class.

Discrete Structures 62




Functions (3/21)

The Function f:A - B

The function f maps A to B.

Discrete Structures 63




Functions (3/21)

The Function f:A - B

Domain: A

o
Co-Domain: B a
fla)=0b
b is the image of a A

a is a preimage of b

The range, or image, of f The function f maps A to B.
IS the set of all images of

elements of A.

Discrete Structures 64




Functions (4/21)

The Function f:A - B

; Domain = {a, b, c,d, e}
— 3 Co-Domain = {1,2,3,4,5,6,7}
.4 _
Range = {1,3,4,5,7}
5
6
7/
B

Discrete Structures 65




Functions (5/21)

Definition
Let f; and f, be functions from Ato R. Then f; + f, and f; f, are also

functions from A to R defined for all x € A by
(fi + 2) () = fi(x) + fo(x),
(fif2) () = fi(x) f2 ().

Discrete Structures 66
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Functions (6/21)

Example

Let f; and f, be functions from R to R such that f; (x) = x* and
f2(x) = x — x*. What are the functions f; + f, and f; f, ?

(fi + L)) = () + fox) = x% + (x —x2) = x,
(fif2) () = fi(0)fo(x) = x?(x — x?) = x3 — x*.

Discrete Structures 67




Functions (7/21)

Definition
Let f be a function from A to B and let S be a subset of A.
The image of S under the function f is the subset of B that consists of
the images of the elements of S.
We denote the image of S by f(S), so
f(S) = {t | 3s €S (t = f(S))}.
or shortly {f(s) | s € S}.

Discrete Structures (]




Functions (8/21)

Example
Let A ={a,b,c,d,e}and B ={1,2,3,4} with f(a) = 2, f(b) = 1,
f(c) =4, f(d)=1,and f(e) = 1.

S=1{b,c,d} S A
The image of the subset S = {b, c,d} Isthe set £ (S) = {1, 4}

Discrete Structures 69




Functions (9/21)

One-to-One function (injective)

A function f is said to be one-to-one, or injective,
If and only if f(a) = f(b) implies that a = b for all a and b in the domain
of 1.

Discrete Structures 70




Functions (9/21)

One-to-One function (injective)

1 _
. , fla)=1
b -3 f(b) =3
C /4 B
i - flc) =7
e 6 f(d) =4

! fle) =5
A — B




Functions (9/21)

NOT One-to-One function (Not injective)

. fla)=1
b f(b) =1
C

i fe) =7

3
4
5
e 6 fld)=4
7
B

fle) =5




Functions (10/21)

onto function (surjective)

A function f from A to B is called onto, or surjective, if and only if for

every element b € B there Is an element a € A with f(a) = b.

Co-Domain = Range

Discrete Structures 73
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Functions (10/21)

onto function (surjective)

Discrete Structures

fla)=1
fb) =1
fle)=4
fld) =2
fe) =3

Co-Domain = {1,2,3,4}

Range = {1,2,3,4}

74




Functions (10/21)

NOT onto function (Not surjective)

a \ fla) =1
b— f(b) =1
C
d> fle) =4
e * f(d) =1
Co-Domain = {1,2,3,4}
fle)=3

A — B Range = {1,3,4}
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Functions (11/21)

One-to-one correspondence (bijection)

The function f is a one-to-one correspondence, or a bijection, if it is

both one-to-one and onto.

Discrete Structures 76
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One-to-one correspondence (bijection)

Functions (11/21)

Discrete Structures

Al = |B]
fla) =1
f(b) =3
fle)=5
fld) =2
Co-Domain = {1,2,3,4,5}
fle) =4

Range = {1,2,3,4,5}
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Functions (11/21)

NOT One-to-one correspondence (Not bijection)

Discrete Structures

fla) =1

f(b) =3 NOT one-to-one

f(c)=5 NOT onto

fld)=1
Co-Domain = {1,2,3,4,5}

fle) =4

Range = {1,3,4,5}
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Functions (11/21)

NOT One-to-one correspondence (Not bijection)

Discrete Structures

fla=1

f(b) =2  Onto

f(c) =3 NOT one-to-one
fd=1

Co-Domain = {1,2,3,4}

fle) =4

Range = {1,2,3,4}
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Functions (11/21)

NOT One-to-one correspondence (Not bijection)

QL O T Q

Discrete Structures

fl@=1
f(b) =3 One-to-one
flc) =5 NOT onto
f(d) =2

Co-Domain = {1,2,3,4,5}

Range = {1,2,3,5}
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Examples

Functions (12/21)

ol
ae

[ W)
be

e3
ceo

o4

Discrete Structures
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Functions (12/21)

ol
ae

[ W)
be

e3
ceo

o4

Discrete Structures

One-to-one

NOT onto
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Examples

Functions (12/21)

o2
ce®

e3
de
A — B

Discrete Structures
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Functions (12/21)

Examples

ae
el

be — NOT One-to-one
L W)

ce Onto
o3

de
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Functions (12/21)

Examples
ae ol
be o2
cCe® o3
de o4

Discrete Structures 85




Examples

Functions (12/21)

ae ol

be o2 One-to-one
ce 3 Onto

de o4 = bijection
A — B
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Functions (12/21)

ae ol

be o2

ceo ®3

de o4

A\

Discrete Structures
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Functions (12/21)

Examples

ae ol

be [ W) NOT One-to-one

ce® ®3 NOT Onto

de o4

>
_—
_—
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Functions (12/21)

ol
ae

(Wi
be

3
ce®

o4
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Functions (12/21)

Examples

NOT a function
fromAto B
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Functions (13/21)

Examples

Determine whether the function f(x) = x + 1 from the set of integers

to the set of integers is one-to-one.

Discrete Structures 91




Functions (13/21)

Examples (Answer)

Determine whether the function f(x) = x + 1 from the set of integers

to the set of integers is one-to-one.

fla)=a+1and f(bh)=b+1

f (x)is one—to—one (if f(a) = f(b) and a equal b then).
a+1=b+1

a=~no

~ f(x) is one—to—one

Discrete Structures 92



alaaj
Rectangle


Functions (14/21)

Examples

Determine whether the function f(x) = x?2 from the set of integers to

the set of integers is one-to-one.

Discrete Structures 93




Functions (14/21)

Examples (Answer)
Determine whether the function f(x) = x?2 from the set of integers to

the set of integers is one-to-one.
f(a) = a*and f(b) = b*
f(x)is one—to—one (if f(a) = f(b) and a equal b then).
a’ = b?
ta=4b
a may be not equal b

~ f(x) is NOT one—to—one
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Functions (15/21)

Inverse Functions
Let f be a|one-to-one correspondence|from the set A to the set B. The

Inverse function of f Is the function that assigns to an element b
belonging to B the unique element a in A such that f(a) = b. The

inverse function of f is denoted by f~1. Hence, f~1(b) = a when

f(a) = b.

Discrete Structures 95
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Functions (15/21)

Inverse Functions

Discrete Structures 96




Functions (16/21)

Invertible
A one-to-one correspondence is called invertible because we can
define an inverse of this function. A function is not invertible ifit'is

not a one-to-one correspondence, because the inverse of such a

function does not exist.
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Functions (17/21)

Invertible — Example
Let f be the function from {a, b,c} to {1,2,3}such that f(a) = 2,

f(b) = 3, and f(c) = 1. Is finvertible, and If it is, what Is Its

Inverse?

Discrete Structures o8




Functions (17/21)

Invertible — Example
Let f be the function from {a, b, c} to {1,2,3}such that f(a) = 2,

f(b) = 3, and f(c) = 1. Is finvertible, and If it is, what Is Its
Inverse?

Answer:

The function f is invertible because it is a one-to-one correspondence.

The inverse function £~ reverses the correspondence given by f, so

ff*W=c f(2)=a and f1(3) =b.
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Functions (21/21)

The Graphs of Functions
e (3,9 3,9 e
Let f be a function from A to

B. The graph of the function

f 1s the set of ordered pairs
{(a,b)|a € Aand b € B}.

e(—2,4) 2.4)e

-1, e o (L, 1)

(0,0)

The graph of f(x) = x? from Z to Z.
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Some Important Functions (1/4)

Floor function y = | x|

3__
2 T o—0
1 — —0
14—
-3 -2 -1 1 2 3
.T@-
o—~0O0 -2 —+
o—0 -3 —+
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Some Important Functions (2/4)

Ceiling function y = |x]

3 - o—e

2+~ Oo—e

| —eo
——————+—
-3 2 -1 1 2 3

o—e T

o—e 2

_3——
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Some Important Functions (3/4)

Useful Properties

|—x] = —[x]
—x] = —|x]

x+n|=|x|+n
x+n]=[x]+n

Discrete Structures 109




Some Important Functions (4/4)

Examples

0.5] =

0.5] =

3] =

—0.5] =
—1.2] =

1.1] =

0.3 +2] =
1.1+ [0.5]] =
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Some Important Functions (4/4)

Examples-Answer

0.5] =0

0.5] =1

3] =3

—0.5] = —[0.5] = —1
—1.2] = -1

1.1] =1

03+2] =2

1.1+ [0.5]] =3
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Discrete Structures

Lec 8 Graphs



Definition:

A graph ¢ = (V, E) consists of I/, a nonempty set of vertices
(or nodes) and E, a set of edges. Each edge has either one or

two vertices associated with it, called its endpoints. An edge
IS said to connect Its endpoints.

vertex edge

San Francisco \

Denver

Detroit

New York

Chicago

Washington

Los Angeles A Computer Network
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Remark:

The set of vertices V of a graph G may be infinite. A graph
with an infinite vertex set or an infinite number of edges is
called an infinite graph, and in comparison, a graph with a
finite vertex set and a finite edge set is called a finite graph.
In this chapter, we will usually consider only finite graphs.

vertex edge

San Francisco \

Denver

Detroit

New York

Chicago

Washington

Los Angeles A Computer Network
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Graph Terminology

Simple Graph:

Note that each edge of the graph representing this computer
network connects two different vertices. A graph in which
each edge connects two different vertices and where no two
edges connect the same pair of vertices Is called a simple
graph.

vertex edge Detroit

San Francisco \

Denver

New York

Chicago

Washington

Los Angeles A Computer Network
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Graph Terminology

Multigraphs:

Graphs that may have multiple edges connecting the same
vertices are called multigraphs.

multiple edges

Detroit New York

Chicago

San Francisco

Washington
Denver &

A Computer Network
Los Angeles with Multiple Links
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Graph Terminology

Loop:
Edges that connect a vertex to itself are called loops.

Detroit

loop

Chicago New York

San Francisco

Denver .
Washington

A Computer Network

Los Angeles with Loops



Graph Terminology

Pseudographs:

Graphs that may include loops, and possibly multiple edges
connecting the same pair of vertices or a vertex to itself, are
sometimes called pseudographs.

Detroit

loop

Chicago New York

San Francisco

Denver .
Washington

A Computer Network

Los Angeles with Loops
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Basic Types of Graphs

Undirected Graphs:

Undirected edges

San Francisco

Los Angeles

Denver

Detroit

New York

Chicago

Washington

Detroit New York

Chicago

San Francisco

Washington

Los Angeles

San Francisco

Los Angeles

Denver

Detroit

Chicago New York

Washington
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Basic Types of Graphs

Directed Graphs:

Adirected graph (or digraph) (V, E) consists of a nonempty
set of vertices IV and a set of directed edges (or arcs) E. Each
directed edge Is associated with an ordered pair of vertices.
The directed edge associated with the ordered pair (u, v) IS
said to start at u and end at v.

Detroit New York

Chicago

directed edge \

San Francisco

'

Washington

A Computer Network
with One-way
Los Angeles Communications Links

Denver
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Basic Types of Graphs

Simple Directed Graph:

When a directed graph has no loops and has no multiple
directed edges, It is called a simple directed graph.

Detroit New York

Chicago

directed edge \

San Francisco

Washington
Denver
A Computer Network

with One-way
Communications Links

Los Angeles
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Basic Types of Graphs

Directed Multigraphs:

Directed graphs that may have multiple directed edges from a
vertex to a second (possibly the same) vertex are used to

model such networks. We called such graphs directed
multigraphs.

Detroit

multiple directed edges Chicago New York

San Francisco

Washington

A Computer Network with
Los Angeles Multiple One-way Links
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Basic Types of Graphs

Mixed Graph:

For some models we may need a graph where some edges are
undirected, while others are directed. A graph with both
directed and undirected edges is called a mixed graph.

Detroit New York

Chicago

San Francisco

Washington

Mixed Graph
Los Angeles e
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TABLE 1 Graph Terminology.

Type Edges Multiple Edges Allowed? Loops Allowed?
Simple graph Undirected No No
Multigraph Undirected Yes No
Pseudograph Undirected Yes Yes
Simple directed graph Directed No No
Directed multigraph Directed Yes Yes
Mixed graph Directed and undirected Yes Yes
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Structure of A Graph:
Three key questions can help us understand the structure of a

graph:
1. Are the edges of the graph undirected or directed (or both)?

2. 1f the graph is undirected, are multiple edges present that
connect the same pair of vertices? If the graph is directed,
are multiple directed edges present?

3. Are loops present?
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Graph Models:
Graphs are used in a wide variety of models.

« Social Networks.

« Communication Networks.

* [nformation Networks.

« Transportation Networks.

« Biological Networks.

« Software Design Applications.
* Tournaments.

e Others...



Social Networks:
Graphs are extensively used to model social structures based on different
kinds of relationships between people or groups of people.

Friendship Graphs: We can use a simple graph to represent
whether two people know each other, that is, whether they are
acquainted, or whether they are friends (either in the real world or
In the virtual world via a social networking site such as Facebook).
Influence Graphs: In studies of group behavior, it is observed

that certain people can influence the thinking of others.

Eduardo

[.inda Brian

Deborah Fred Y vonne
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Social Networks:

Collaboration Graphs: is used to model social networks where
two people are related by working together in a particular way.

» The Hollywood Links graph is a collaborator graph that
represents actors by vertices and connects two actors with an edge
If they have worked together on a movie or television show. The
Hollywood graph is a huge graph with more than 2.9 million
vertices (as of early 2018).

» In an academic collaboration graph, vertices represent people and
edges link two people if they have jointly published a paper. The
collaboration graph for people who have published research papers in

mathematics was found in 2004 to have more than 400,000 vertices
and 675,000 edges.
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« Computer networks:
— Nodes — computers
— Edges - connections




Transportation Networks: TRANSPORTATION

We can use graphs to model many s
different types of transportation
networks, including road, air, and
rail networks, as well as shipping
networks.

LATINAMERICA ‘St /!




Biological Networks:
Many aspects of the biological sciences can be modeled using
graphs. Protein Interaction Graphs: A protein interaction in a
living cell occurs when two or more proteins in that cell bind

to perform a biological function.
Q9Y3AS

RRP42

RRP44
RRP40

PM/Sci2 RRP46



Semantic Networks: _ _
Graph  models are used extensively In natural language

understanding and in information retrieval. Natural language
understanding (NLU) is the subject of enabling machines to
disassemble and parse human speech. Its goal is to allow machines
to understand and communicate as humans do.

Printer

Wolf Laptop Tablet

Desktop

Fox

Rabbit Router

Dog Keyboard

Cat Trackpad

This figure to help determine mouse
refers to an animal or computer
hardware in the sentence.

Duck

Turtle
Fly
Spider

Cockroach



Software Design Applications:

Graph models are useful tools in the design of software.
Module Dependency Graphs. One of the most important tasks
In designing software is how to structure a program into
different parts, or modules. Understanding how the different
modules of a program interact is essential not only for program
design, but also for testing and maintenance of the resulting
software.

web browser




Tournaments:

Round-Robin Tournaments. A tournament where each team
plays every other team exactly once and no draws are allowed.

Team Team
] 2
-:_
Team Team
6 3
We see that Team 1 is undefeated in this

. tournament, and Team 3 is winless.

Team Team

5 ~



Tournaments:

Single-Elimination Tournaments. A tournament where each
contestant is eliminated after one loss

.Slamford Connecticut
Georgia Iowa State
.5111“101'(1 Connccticul.
Xavier Florida State
Xavier Florida State
Gonzaga .Slanlord Conngcllcul Connecticut Mississippi State
9@
Oklahoma Stanford Baylor
.()l\']ahomu Y Baylor
Notre Dame Tennessee
Oklahoma Baylor
@ — 9
Kentucky Duke
Kentucky Duke.
Nebraska San Diego State

Game winners shown in blue




Definition 1:

Two vertices u and v In an undirected graph G are called
adjacent (or neighbors) In G If u and v are endpoints of an
edge e of G. Such an edge e Is called incident with the
vertices u and v and e Is said to connect u and v.

edge (u, v)




Definition 2:

The set of all neighbors of a vertex v of ¢ = (V, E), denoted
by N(v), Is called the neighborhood of v. If A Is a subset of
V, we denote by N(A) the set of all vertices in ¢ that are
adjacent to at least one vertex in A. So, N(A) = U,es N(v).

b c d N(a) = {b, f}

¢ N(b) ={a,c e f}
N(c) =1{b,d, e, f}
N(d) ={c}

N(e) ={b,c, f}

® N(f) ={a,b,c, e}
/ e g N(g) = ¢



alaaj
Highlight


Definition 3:

The degree of a vertex In an undirected graph is the number
of edges iIncident with it, @xcept that a loop at a vertex
contributes twice to the degree of that vertex. The degree of
the vertex v is denoted by @eg(v).

deg(a) =2
b . J deg(b) =4
° deg(c) = 4
deg(d) =1 pendant
deg(e) =3
* deg(f) =4
a f e g

deg (g) = (0 isolated
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Isolated:

A vertex of degree zero is called isolated. It follows that an
Isolated vertex Is not adjacent to any vertex.

Vertex g Is isolated.
deg(a) =2

deg(b) =4
deg(c) =4
deg(d) =1
deg(e) =3
° deg(f) =4
deg(g) =0

b C

o




Pendant:
A vertex Is pendant if and only If it has degree one.

Vertex d Is pendant.

deg(a) =2

b . J deg(b) =4
° deg(c) = 4

deg(d) =1

deg(e) =3
° deg(f) =4
deg(g) =0




Example 1:

What are the degrees and what are the neighborhoods of the
vertices in the following graph?

deg(a) =
d ’ S deg(b) =

deg(c) =

deg(d) =

deg(e) =
e d




Example 1:

What are the degrees and what are the neighborhoods of the
vertices in the following graph?

deg(a) =4
a ’ < deg(b) = 6

deg(c) =1

deg(d) =5

deg(e) =6
e d




Example 1:

What are the degrees and what are the neighborhoods of the
vertices in the following graph?

deg(a) =4
deg(b) =6
deg(c) =1
deg(d) =5
deg(e) =6

[ KoV

Vertex c
e d is pendant




Example 1:

What are the degrees and what are the neighborhoods of the
vertices in the following graph?

N(a) =
A ’ ‘ N(b) =

N(c)=

N(d) =

N(e) =
e d




Example 1:

What are the degrees and what are the neighborhoods of the
vertices in the following graph?

N(a) ={b,d, e}

a ’ < N(b) = {a b, c,d, e}
N(c)=1{b}
N(d) ={a,b, e}
N(e)={a,b,d}

e d




Example 2:

What are the degrees and what are the neighborhoods of the
vertices in the following graph?

a b Number of vertices =5

Number of edges =13




Example 2:

What are the degrees and what are the neighborhoods of the
vertices in the following graph?

a b deg(a) =
deg(b) =
deg(c) =
deg(d) =

c deg(e) =
e d




Example 2:

What are the degrees and what are the neighborhoods of the
vertices in the following graph?

a b deg(a) =6
deg(b) =6
deg(c) =6
deg(d) =5

c deg(e) =3
e d




Example 2:

What are the degrees and what are the neighborhoods of the
vertices in the following graph?

a b N(a) =
N(b) =
N(c)=
N(d) =
c N(e) =
e d




Example 2:

What are the degrees and what are the neighborhoods of the
vertices in the following graph?

a b N(a) ={a,b, e}
N(b) ={a,e, d,c}
N(c)=1{b,c,d}
N(d) ={e, b, c}
. N(e)={a,b,d}
e d




The Handshaking Theorem:
Let G = (V, E) be undirected graph withim €dges. Then

|

|

|

. | Edge having two endpoints
' | and a handshake involving
! two hands.

|
|
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Example 3:

How many edges are there in an undirected graph with 10
vertices each of degree six?



Example 3: Answer

How many edges are there in a graph with 10 vertices each of
degree six?

2m = 2 deg(v)

Solution:

Because the sum of the degrees of the vertices is 6 - 10 = 60,
It follows that 2m = 60. Therefore, m = 30.




Definition

When (u, v) is an edge of the graph (G with directed edges, u
IS said to be adjacent to v and v is said to be adjacent from u.
The vertex u is called the initial vertex of (u, v), and v is
called the terminal or end vertex of (u, v). The initial vertex
and terminal vertex of a loop are the same.

edge (u, v)

>0
%
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Definition

In a graph with directed edges the in-degree of a vertex v,
denoted by deg™ (v), Is the number of edges with v as their
terminal vertex.

The out-degree of v, denoted by deg™ (v), is the number of
edges with v as their initial vertex.

(Note that a loop at a vertex contributes 1 to both the In-
degree and the out-degree of this vertex.)



Example 4:

Number of vertices =

Number of edges =
deg™(a) = deg*(a) =
deg™(b) = deg*(b) =
deg™(c) = deg™(c) =
deg™(d) = deg*(d) =
deg™(e) = deg™(e) =
deg™(f) = deg®(f) =




Example 4:

Number of vertices = 6

Number of edges = 12

deg™(a) =2 deg*(a) =4
deg=(b) =2 deg*(b) =1
deg™(c) =3 deg*(c) =2
deg™(d) =2 deg*(d) =2
deg™(e) =3 deg*(e) =3
deg™(f) =0 | deg*(f)=0




Complete Graphs:
The complete graph on n vertices, denoted by K, Is the
simple graph that contains exactly one edge between each
pair of distinct vertices.

Thegraphs K,,, forn =1, 2, 3,4, 5, 6, are:

ENRVAN

K 2 [{_:_ K 4 K 5 [\( )
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Cycles:
The cycle C,,, n = 3, consists of n vertices vy, v,, ..., v, and
edges {vy, v2},{v2, v3}, .., {Vn—1, v} and {vy, v, }.

The cycles C3, C,4, Cs, and Cy, are:




Wheels:

We obtain the wheel W,, when we add an additional vertex to
the cycle C,,, for n = 3, and connect this new vertex to each
of the n vertices In C,;, by new edges.

The wheels W5, W,, W, and W, are:

VAN

W5 W, W We




Definition 6: Bipartite Graphs:

A simple graph G is called bipartite if its vertex set VV can be
partitioned into two disjoint sets V; ad V, such that every
edge In the graph connects a vertex in V; and a vertex in V,
(so that no edge In G connects either two vertices in V; or two
vertices in V). When this condition holds, we call the pair
(V1, V) a bipartition of the vertex set V of G.



Example 1:
Determine whether the graph is bipartite or not?

d a € f
a * * a
/\ d ] a
® ®
C . b C b ¢ b ¢

Determining whether it is possible to assign either red or blue to
each vertex so that no two adjacent vertices are assigned the same
color.



Example 1: Answer
Determine whether the graph is bipartite or not?

e
d a %
a a
A d d a
C b b
C C
: 3 b Cy b Cs Cs

Determining whether it is possible to assign either red or blue to
each vertex so that no two adjacent vertices are assigned the same
color.



Example 1: Answer

Determine whether the graph is bipartite or not?

e
d a %
a a
A. d d a
C b b
C c
: 3 b Cy b Cs Cs

bipartite
V1 ={a,c}
VZ — {br d}

every edge of C, connects a
vertex in V/; and a vertex in V5.

bipartite
Vi ={a,c e}
VZ — {b; d, f}

every edge of Cg connects a
vertex in V; and a vertex in V5.




Example 1: Answer
Determine whether the graph is bipartite or not?

e

a
Vi V) d
i ——
e ——
C b
¢ f Ch
bipartite
Vi ={a,c,e}
VZ — {b; d, f}

every edge of Cg connects a
vertex in V; and a vertex in V5.




Example 2:
Determine whether the graph is bipartite or not?

b C

N




Example 2: Answer
Determine whether the graph is bipartite or not?

b C

N




Example 2: Answer
Determine whether the graph is bipartite or not?

b C

d

a
2&‘ Not bipartite

f e




Complete Bipartite Graphs:

A complete bipartite graph K, ,, Is a graph that has its vertex
set partitioned into two subsets of m and n vertices,
respectively with an edge between two vertices If and only if
one vertex is in the first subset and the other vertex is in the
second subset.

K3 s K>6



New Graphs from Old:

Sometimes we need only part of a graph to solve a problem.
For instance, we may care only about the part of a large
computer network that involves the computer centers in some
cities. Then we can ignore the other computer centers and all
telephone lines not linking two of these specific computer
centers.

Detroit

Washington

New York

San Francisco

Los Angeles
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Definition 7:

A subgraph of a graph ¢ = (V,E) Is a graph H = (W, F),
where W €V and F € E. A subgraph H of G Is a proper
subgraph of G If H # G.

a a

Proper
Subgraph of
The Original
Graph

Original
Graph
Ks

d C C

We can remove the vertices and edges from original graph



Definition 8:

Let G = (V, E) be a simple graph. The subgraph induced by
a subset W of the vertex set VV is the graph (W, F), where the
edge set F contains an edge in E if and only if both endpoints
of this edge are in W
a

Subgraph
Induced
by W =

{a,b,c, e}

Original e
Graph
Ks

d C C

Remove the vertices and its edges from original graph



Removing or Adding Edges of A Graph:

Original
Graph (G)

b C d

.<

G — {b, c}: Remove the edge {b, c}



Removing or Adding Edges of A Graph:

a b c d
® @
Original
Graph (G)

)

G + {e,d}: Add the edge {e,d}



Removing Vertices from A Graph:

a b c d
® @
Original
Graph (G)
e
a b
e

G — c: Remove the vertex c



Edge Contractions:

a b c d
® @
Original
Graph (G)
e
a f d
o o
€

G contracted by replacing {b, c} by f



Graph Unions:

b a b C
o o ¢ ® ®
®
d e d f
G, G,
a b C
®
d e f

G,U G,




Trees



e Tree

We will call every circle a node and each line an edge.

Nodes "19", "21", "14" are below node "7" and are directly connected to
it. This nodes we are called direct descendants (child nodes) of node "7",
and node "7" their parent.

The same way "1", "12" and "31" are children of "19" and "19" is their
parent. Intuitively we can say that "21" is sibling of "19", because they are
both children of "7

For 1", "12", "31", "23" and "6" node "7" precedes them in the hierarchy,
so he is their indirect parent — ancestor, ant they are called his
descendants.



Rootis called the node without parent. In our example this is node "7

Leaf is a node without child nodes. In our example —"1", "12", "31", "21",
ll23ll and II6II.

Internal nodes are the nodes, which are not leaf or root (all nodes, which
have parent and at least one child). Such nodes are "19" and "14".

Path is called a sequence of nodes connected with edges, in which there
IS no repetition of nodes. Example of path is the sequence "1", "19", "7"
and "21". The sequence "1", "19" and "23" is not a path, because "19" and
"23" are not connected.
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Path length is the number of edges, connecting the sequence of nodes in the path.
Actually it is equal to the/number of nodes in the path minus 1. The length of our
example for path ("1", "19", "7" and "21") is three.

Depth of a node we will call the length of the path from the root to certain node.
In our example "7" as root has depth zero, "19" has depth one and "23" — depth
two.

We can give more simple definition of tree: a node is a tree and this node can
have zero or more children, which are also trees.

Height of tree — is the maximum depth of all its nodes. In our example the tree
heightis 2.

Degree of node we call the number of direct children of the given node. The
degree of "19" and "7" is three, but the degree of "14" is two. The leaves have

degree zero.
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Rooted Tree

A rooted tree G is a connected acyclic graph with a special node
that is called the root of the tree and every edge directly or
indirectly originates from the root.

An ordered rooted tree is a rooted tree where the children of
each internal vertex are ordered.

If every internal vertex of a rooted tree has not more than m
children, it is called an m-ary tree.

If every internal vertex of a rooted tree has exactly m children, it
is called a full m-ary tree.

If m=2, the rooted tree is called a binary tree.
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Root Node

Internal
Node

Internal
Node Internal

Node

Leaf Leaf Leaf Leaf Leaf Leaf
Node Node Node Node Node Node
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Binary Search Tree

e Binary Search tree is a binary tree which satisfies the following property -
 Xinleft sub-tree of vertex V, Value(X) < Value(V)

* Yinright sub-tree of vertex V, Value(Y) = Value(V)

* So, the value of all the vertices of the left sub-tree of an internal node V are less
than or equal to V

and the value of all the vertices of the right sub-tree of the internal
node V are greater than or equal to V.

The number of links from the root node to the deepest node is the
height of the Binary Search Tree.
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A spanning tree

of a connected undirected graph G is a tree that minimally includes all of the vertices of G. A
graph may have many spanning trees.

Example

Spanning Trees




Minimum (Spanning Tree

A spanningtree with assigned weight less than or equal to the weight of every
possible spanning tree of a weighted, connected and undirected graph G

, itis called minimum spanning tree (MST). The weight of a spanningtree is the sum of
all the weights assigned to each edge of the spanning tree.

Example
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Kruskal's Algorithm

Kruskal's algorithm is a greedy algorithm that finds a minimum
spanning tree for a connected weighted graph. It finds a tree of that
graph which includes every vertex and the total weight of all the

edges in the tree is less than or equal to every possible spanning
tree.

Algorithm
Step 1 - Arrange all the edges of the given graph G(V,E)
in non-decreasing order as per their edge weight.

Step 2 - Choose the smallest weighted edge from the graph and
check if it forms a cycle with the spanning tree formed so far.

Step 3 - If there is no cycle, include this edge to the spanning tree
else discard it.

Step 4 - Repeat Step 2 and Step 3 until (V-1)
number of edges are left in the spanning tree



Problem
Suppose we want to/find minimum spanning tree for the
following graph G using/Kruskal’s algorithm

Solution
From the above graph we construct the following
table -
Edge No. Vertex Pair | Edge Weight
El (a, b) Yo
E2 (a, c) 1
E3 (a, d) VY
E4 (b, c) )
) (b, e) ¢
E6 (b, f) o
E7 (c, d) Y
ES (d, e) Al
E9 (d, f) )¢
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Now we will rearrange the table in ascending order with respect

to Edge weight —
Edge No. Vertex Pair Edge Weight
E4 (b, c) )
E7 (c, d) Y
E8 (d, e) Y
ES (b, e) ¢
E6 (b, f) o
E2 (a, c) 1
E3 (a, d) VY
E9 (d, f) ) ¢

El (a, b) Yo
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[

© © =

>
©
O €
®

©,
O,

After adding vertices After adding edge E4

&

&
©
(D

After adding edge E7 After adding edge E8



After adding edge E6
(don't add ES5 since it forms cycle)

After adding edge E2

Since we got all the 5 edges in the last figure, we stop
the algorithm and this is the minimal spanning tree
and its total weight is (1+2+3+5+9)=20.
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